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The Ising model at magnetic field H=0 is one of the most important exactly solved
models in statistical mechanics, solved on the square lattice in 1944 by Onsager, and later
by others on the triangular lattice; its magnetic susceptibility at H=0 continues to be an
unsolved aspect of the model, however. The susceptibility can either be viewed as a sum
over all correlation functions of the integrable model at H=0, or else as a second
derivative of the free energy of the non-integrable Ising model in a field. Therefore, its
analytic properties, though derived from the non-integrable model, can be studied
through series expansion of the integrable correlation functions. We begin this process by
analyzing the first four terms in the form factor expansion of the diagonal correlation
functions, and after summing over the diagonal form factor expansion, the first four terms
of the diagonal susceptibility expansion. We have been able to reduce the form factor and
susceptibility expansion terms, given as multi-dimensional integrals, to closed-form
functions in all cases.
Under the limit of H going to positive infinity with the interaction energy E going to
minus infinity, the isotropic Ising model becomes a hard particle lattice gas model, with
exclusion of nearest neighbor lattice sites. In this limit, the triangular lattice Ising model
becomes the exactly solved hard hexagon model, while the square lattice becomes the
non-integrable hard squares model. We study in detail these models for finite lattice sizes
in order to understand the differences between integrable and non-integrable models. We
consider the partition functions zeros and their density for different boundary conditions,
and find notable differences in the density which is attributed to an extra factorization in
the transfer matrices of hard hexagons which is absent in hard squares. We also study the
special point at fugacity z=-1 of hard squares where all eigenvalues of the transfer matrix
are equimodular and where the grand partition function's value depends on boundary
conditions.
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